CHARACTERIZATION OF UMD BANACH SPACES BY IMAGINARY 
POWERS OF HERMITE AND LAGUERRE OPERATORS 

JORGE J. BETANCOR, ALEJANDRO J. CASTRO, JEZABEL CURBELO, 
AND LOURDES RODRIGUEZ-MESA 



O 

(N 



< 
U 



Abstract. In this paper we characterize the Banach spaces with the UMD property by 
means of L p -boundedness properties for the imaginary powers of the Hermite and Laguerre 
operators. In order to do this we need to obtain pointwise representations for the Laplace 
transform type multipliers associated with Hermite and Laguerre operators. 



1. Introduction 



A Banach space B is said UMD when, for some (equivalently, for any) 1 < p < oo the B- 
valued Hilbert transform defined on L P (R) ® B can be extended as a bounded operator on the 
Bochner-Lebesgue space L^(R) (see [7] and [8J). 

Characterizations of the UMD spaces involving L p -boundedness properties for singular inte- 
gral operators or g-functions have been established by several authors (pQ, [T3], [2], [IS], (TT)] 
and [29 ). More concretely, UMD Banach spaces are described by means of the L p -boundedness 
of the imaginary powers of Laplacian in [12J. Our objective in this paper is to characterize the 
UMD Banach spaces as those Banach spaces B for which the imaginary powers Z? 7 , 7 £ R, of C 
can be extended to L^(£l,/j,) as bounded operators on Lg(f2,/i), 1 < p < 00, when C represent 
the Hermite or Laguerre operators and (fi, //) the associated measure space. 

Suppose that SI C R™, ft, is a positive measure on 0, C is a second order linear differential 
1— 1 operator defined on C 2 (fi) and, for every k £ N, ipk £ L 2 (£l, /x) is an eigenfunction of C associated 

with i/fc £ (0,oo), that is, Cipk — Vk^k- Assume also that {fk}ken t 00 an d that {vsfejfegN is an 
orthonormal basis in L 2 (il, /i). We define the operator L as follows 

(1) C(f) = ^2is k c k (f) (fk , f£D(£), 

? k=0 

1^ where, for every k £ N and / £ L 2 (fl, c k (f) — J n f(x)ifik(x)diJ,(x) and 

O 00 

D{C) ={f£ L 2 (Ct^) : 5>, 2 M/)| 2 < oo}. 

fc=0 

. J_, £ is a self-adjoint and positive operator. 

If m : {^fcjfeGN — ► C is bounded we define the spectral multiplier for the operator C by 

S3 



T,fjJ) = Y.m(n) Cl U) Vk , f E L'tfl.v). 



k=0 



It is clear that T^ n is a bounded operator from L 2 (n,p,) into itself. 

The semigroup of operators generated by — C in L 2 (Sl,/i) is {Wf}t>o, where, for every t > 0, 
Wf is the spectral multiplier defined by 

00 

(2) IU t £ (/) = ^ e -^ Cfc (/)^, f£L 2 (n if i). 

fe=0 
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Following [21] we consider the Laplace transform type spectral multipliers associated to the 
operator C. We say that a continuous function m on (0, oo) is of Laplace transform type when 
it is given by 



(3) m(X)=X e~ M (j)(t)dt, Ag(0,oo), 

Jo 

where G L°°(0, oo). Note that m is also a bounded measurable function on (0, oo). Then, the 
so called Laplace transform type spectral multiplier is bounded in L 2 {Vt, p). In [24 Corollary 
3, p. 121] it was established that if {Wf}t>o is a symmetric diffusion semigroup ( |24l p. 65]) 
the Laplace transform type spectral multiplier is bounded from L p (tt, fi) into itself, for every 
1 < p < oo. Many authors have analyzed L p -boundedness properties for Laplace transform type 
spectral multipliers in different settings (see, for example, [3], [5], [ID], [IT], [13], [T5] , [22], |24| , 
[2DJ and [3D]). 

A remarkable particular case of Laplace transform type spectral multiplier is the imaginary 
power Z? 7 , 7 £ 1, defined as usual by £ n — , where, for every 7 € R, m 7 represents 
the function of Laplace transform type given by pj, with 0(t) = </> 7 (t) = (r(l — «7)) _1 t~ 17 , 
< € (0,oo). 

In this paper we consider two differential operators: 

• The Hermite (harmonic oscillator) operator H = — — x 2 ^j, on (R, dx). 

• The Laguerre operator L a — — ^ (s 2 " — x 2 — - , ct > —1/2, on ((0, 00), dx). 

To simplify the calculations we consider the Hermite operator on R. The same results can be 
established in higher dimensions. 

In the sequel we represent by C (respectively, (O, //)) one of the operators H or L a , a > —1/2, 
defined by ([I]) (respectively, (R, dx) or ((0, 00), dx)). There exists a C°°((0, 00) xflx il)-function 

(t,x,y) G (0,oo) x fl x Q 1 — ► Wf(x,y) G R, 

such that, for every / G L 2 (n,/j,), 

(4) Wf (/)(*) = / Wf(x,y)f(y)dn(y), x€Qandt>0. 

Moreover, for every t > 0, W/' can be extended by Q to L p (fl, fi) as a bounded operator from 
L p (n,n) into itself, 1 < p < 00. 

In order to establish our characterization of the UMD Banach spaces we need to prove point- 
wise representations for the Laplace transform type spectral multipliers as principal value integral 
operators. 

Theorem 1.1. Let m be a function of Laplace transform type and (p € i°°(0,oo) connected with 
m by ([3]). Then, there exists A G L°°(0, 00) such that, for every f G L 2 (fl,p), 

(5) T£(f)(x) = lim ( A(e)/(x) + / K$(x, y)f(y)dfi(y) ) , (/,) - a.e. 

\ Jyen,\x~y\>s ) 

where 

K$(x,y) = J™ 4>{t)(~ ^)W t c {x,y)dt, x,y G SI. 

Moreover, the limit in ([5| exists for every f G L p (fi,/i), 1 < p < oo, and T% can be extended 
by (|5) to L p (n,fi) as a bounded operator from L p (Sl,fi) into itself, when 1 < p < 00, and from 
L^fi.M) into L 1 ' 00 

// £/iere exists the limit lim t _ > o+ <f>(t) — 0(O + ), then 

(6) !£(/)(*) = cj>(0+)f(x) + lim / K$(x, y)f(y)dfi(y), (n) - a.e. x G fi, 

/or every f G £ p (^, /i), 1 < p < 00. 

The version of Theorem 1 . 1 1 for the Ornstein Uhlenbeck operator O = + x-^ was 

proved by Garci'a-Cuerva, Mauceri, Sjogren and Torrea ( |11[ Theorem 4.1]). The value is an 
eigenvalue of O and in this case it is assumed that m(0) = 0. In the proof of Theorem 
the Hermite operator (see Subsection 2.1) we will use [Til Theorem 4.1]. 

Our characterization of the UMD spaces is the following. 



1.1 



for 
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Theorem 1.2. Let B be a Banach space. B is UMD if and only if, for some (equivalently, 
for any) 1 < p < oo and every 7 £ I, the imaginary power C 11 defined on L p (Q,fi) ® B can 
be extended to the Bochner-Lebesgue space Lg(f2,//) as a bounded operator from £^(f2, fj.) into 
itself. 

The paper is organized as follows. In Section 2 we prove our results for the Hermite operator. 
In order to do this we take advantage from the closed connection existing between the Ornstein- 
Uhlenbeck and Hermite settings in the corresponding L 2 spaces (see [T|). The results for Laguerre 
operators are shown in Section 3. We exploit some relationships between the Laplace transform 
type multipliers in the Laguerre and Hermite contexts. Estimates shown in Proposition |3 . 1 1 are 
the key of our technique. There, we compare the kernels K^ a and in a local region, close to 
the diagonal, and also find adequate bounds for both kernels in the global zone, i.e., outside the 
local region. This estimations allow us to transfer the results from the Hermite to the Laguerre 
cases. This method was first developed by Betancor et al. in [J]. 

Throughout the paper by C and c we represent positive constants that can change from one 
line to another. Also, when /1 = dx, we simply write L P (Q). 

2. Proof of the results in the Hermite setting 

In this section we show Theorems 1 1 . 1 1 and 1 1 . 2| in the Hermite context. The Hermite operator 
is defined by H = —\{-^ — x 2 ) on R. We have that Hh k = Xkhk, where, for every fc g N, 
Xk = k + 1/2 and h k denotes the fc-th Hermite function given by 

h k (x) = (2 k kly^)-^ 2 Sj k (x)e- x ^ 2 , x g R, 

Sjk being the fc-th Hermite polynomial ([27 ). The system {hk}keft is an orthonormal basis in 
L 2 (R). We define the operator H by (0. Note that Hf = Hf, when / € C£°(R), the space of 
smooth functions with compact support on R. 

The semigroup of operators {W^}t>o generated by —H, defined by ^ in L 2 (R), can be 
extended to L P (R), 1 < p < 00, by (see [55]) 

W t H (f)(x) = [ W t H {x, y)f(y)dy, x G R and t > 0, 

JR 

where 

W t H (x,y) = — [ ^ e 2(i- e -«) ) x ,y €R and i > 0. 

Y 7r \ 1 — e At J 

Suppose that m is a function of Laplace transform type given by |3| . We define the spectral 
multiplier T^f associated with m on L 2 (R) by 

00 

r*(/) = X>(A fc )c£(/)fc fc , 

fc=0 

where cf (/) = / h k (y)f(y)dy, k g N, and / e L 2 (R). 

JR 

2.1. Proof of Theorem |1.1| for the Hermite operator. We consider the one dimensional 
Ornstein-Uhlenbeck operator O = —5^2 + F° r every k g N, OH k = kH k , where Hk(x) — 
e~hk, x S R, is the fc-th normalized Hermite polynomial ([27 ). We define the operator O by 
(jTJ. The semigroup of operators {Wf} t> o generated by — O, defined on L 2 (R,e x ~ dx) by pi, 
is extended to L p (M.,e~ x dx), 1 < p < 00, by 

W?(f)(x) = f W°(x,y)f(y)e-y 2 dy, f g V (R, dx) and < > 0, 
Jr 

where 

W f °(x,j/)= , 1 - e - { \-l-$ +v \ x , y g R and <> 0. 
* ^(l-e- 24 ) 

The spectral multiplier T® associated to O and defined by m is 

=f^m(k)cf(f)H k , f g L 2 (M, e - 2 dx), 

fc=0 
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where c k (f) = / H k {y)f(y)e~ y dy, k G N, / G L 2 (R, e~ x dx) and we consider m(0) = 0. 

JR 

In order to study the operator we consider the multiplier associated with the Ornstein- 
Uhlenbeck operator defined on L 2 (K, e~ x dx) by 

= f> (fc + ^ / G L 2 (K, e~ x2 dx). 

We can write 



e -(k+l/2)t^ t)dt 



-i oo „oo 



fc=0 

(7) =TS(/)+A (/), /GL 2 (M,e-^dx), 

where M(A) = A J °° e^e"*/ 2 ^*)*, A G (0,oo), and 



Mf) = o E / e" (,s+1/2) VW^(/)if fc) / G L 2 (M, e-^di). 

r_ n " 



/c=0 



Since the semigroup {WJ }t>o generated by —O is a symmetric diffusion semigroup, by 
HI Corollary 3, p. 121] T° can be extended to L p (M.,e x dx) as a bounded operator from 
L P (R, e~ x dx) into itself, for every 1 < p < oo. Moreover, according to |11( Theorem 3.8], can 
be extended to L 1 (M.,e~ x2 dx) as a bounded operator from L 1 (R, e~ x2 dx) into L 1 ' 00 (R, e~ x2 dx) . 
Let now /, g G L 2 (M, e _x dx). We have that 



I /■ oo 

^(/)(,M,)e- 2 rf^-^^(/)c°( 9 ) / e-( fc+1 / 2 )V(t)di 



fe=0 

1 
2 



2 

(f)(t)e- t/2 W t °(f)(x)dtg(x)e- x2 dx 



2 

To justify the above manipulations we observe that 



\j fa) (ff™ me- t/2 W°(x,y)dtf(y)e~y 2 dy^j dx. 



\</>(t)\e-*^Wf (x, y)\f{y)\e~y 2 \g(x)\e~ x2 dxdydt 

< C r e - t/2 |K(|/|)|| L2(Rie _, 2(i;c) || 5 || L2(R ^, 2d;c) dt 



< C\\f\\LZ(W,e-* 2 dx)\\9\\L 2 (M.,e-<° 2 clx)- 

Hence, we get 

(8) Mf)(?)= I A°(x,y)f(y)e-y 2 dy, a.e. x G 



being A°{x,y) = \ / °° 4>(t)W t ° (x^Je^dt, z,y G K. 
Note that 

L4 (/)|<Csu P Wf (|/|). 

Then, by [3T] and [23], ^0 is bounded from L P (R, e~ x dx) into itself, 1 < p < oo, and from 
V-^e-^dx) into L^°°(IR, e'^dx). 

Hence, T„ 4 can be extended to L p (R,e~ x dx) as a bounded operator from L P (R, e 2 dec) into 
itself, for each 1 < p < oo, and from e _a: cfe) into L 1 '°°(]R, e _:E dx). 

According to [TTJ Theorem 4.1] and pi), there exists A G L°°(0, oo) such that 

Tg(f)(x)= lim [A(e)f(x)+ [ « (x,y) + A° (x,y))f(y) e -y 2 dy) , a.e. xei 



E->-0+ 



|as— v|>s 
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and, if the limit \im t ^ + <f>(t) = 4>(0 + ) exists, then 

T£(/)(aO = H0 + )f(x) + lim f {K% (x,y) + A° (x, y))/(y)e^ 2 dy, a.e. xeR, 

e-*0+ J\ X -y\ >£ 

for every / G L P (R, e~ x ^ dx), 1 < p < oo, where y>(t) = e~*/ 2 0(i), i > 0, and 

/•°° / d \ 
K°(x,y)=J^ <p(t)(-—)W t °(x,y)dt, x,yeR,x^y. 

We conclude that 

(9) T£(/)0r) = lim ( A(e)f(x) + f B° (x,y)f(y)e-*' dy) , a.e. i£l, 

^0+ ^ J\x-y\>e J 

and, if the limit \im t ^ + <fi(t) = 0(O + ) exists, then 

(10) TZ(f)(x) = 4>{0+)f{x) + lim f B°(x,y)f(y)e-y 2 dy, a.e. x G K, 
for every / G L p (IR,e _;l: cfcc), 1 < p < oo, where 

r°° / 9 \ 

B°(x,y)=j^ 0(t)(--J( e -*/ 2 ^f(x,y))di, ^eR,!/?. 

It is clear that, for every / G L 2 (IR), 

(11) T£ (/)(*) = e-^ 2 / 2 ^^ 2 / 2 /)^), a.e. 

By taking into account that Wf(x,y) = e~ t / 2 e~ < - x2+y2 ^ 2 Wf (x,y), x,y e K and £ > 0, from 
(|9j, ([l0]| and ([II]) we deduce that, for every / G L 2 (R), 

(12) T*(/)(x) = lim \A(e)f(x) + f K* (x,y)f(y)dy) , a.e. iel, 
and, if the limit lim t _ > .g+ <^>(t) = 0(O + ) exists, then 



(13) T%(f)(x) = <f>(0 + )f(x)+ Urn / K*{x,y)f{y)dy, a.e. as € 

<^ 0+ J|x-i/|>e: 

where 

/•°° / 8 \ 
K£(x,y)=J^ <j>(t)(--)W t H (x,y)dt, x,yeR,x^y. 

Hence, if / G £ 2 (K), 

^(/)(z) = / Kf( Xi y)f(y)dy, a.e. ieR \ supp(/). 

The kernel function is a standard Calderon-Zygmund kernel. 
Proposition 2.1. Le£ G L°°(0, oo). Then, there exists C > smc/i i/iai 

(14) l^f(s,y)| < r-^—r, x,yeR,x^y, 

\x-y\ 



and 

(15) \±K?iz,y)\ + \±K?{x,y) 

Proof. It is not difficult to see (jH (2.3)]) that 



C 

< 12 , x, y G R, x 7^ y. 

F ~ 2/1 



J. BETANCOR, A.J. CASTRO, J. CURBELO, AND L. RODRIGUEZ-MESA 

1+s n 



Then, by making the change of variables t — iog(j^) (due to Meda) we get 
\K?(x,y)\<C\\<l>\\ L ~ (0lOo) 

< C||0|| L oo (O:Oo) 

< C||0|U«(O,oo) - g3/2 ds + | x 2 y | J ' ^f^' 1 ^ 

In the last inequality we have used that for every a > and b > 0, there exists c > such that 
u b e -au < c M > o. From |25[ Lemma 1.1] we conclude that 

\Kf(x,y)\< T -— ] , x,y£R,x^y. 

\ x y\ 




By proceeding in a similar way ( 15 I can be shown. □ 



Caldcron-Zygmund theory for singular integrals implies that the limits in (12) and (13 I exist 
for every / e L P (R), 1 < p < oo, and T% can be extended to U>(R) by (pt as a bounded 
operator from L P (IR) into itself, for every 1 < p < oo, and from L 1 (M) into L 1,00 (]R). 

Thus the proof of Theorem |1.1| for the Hermite operator is finished. 

2.2. Proof of Theorem |1.2| for the Hermite operator. Let B be a Banach space and 
(j> € L°°(0,oo). By using p|7 (]Io| and [11, Theorem 4.1] we can define Tjg, where M (A) = 
A f °° e- xt e'^ 2 (j)(t)dt, A > 0, and T°, in a natural way, on D>(R, e'^ dx) <E> B, for every 1 < 
p < oo. Since the operator can be extended to £g(R., e~ x dx) as a bounded operator from 
e~ x dx) into itself, for every 1 < p < oo, we can deduce the next property. 

Lemma 2.1. Let B be a Banach space, (f> € L°°(0, oo) and 1 < r < oo. The following assertions 
are equivalent. 

(i) Tjrf can be extended to Lg(R, e~ x dx) as a bounded operator from L^(IR, e~ x dx) into itself, 
where M(A) = A e-^e^^^dt, A > 0. 

(ii) can be extended to LJj(R, e~ x dx) as a bounded operator from L'^(M.,e~ x dx) into 
itself, where m(A) = A / °° e~ xt tfi(t)dt, A > 0. 

The multiplier T^f can be defined on L P (IR) <g) B, for every 1 < p < oo, in a natural way by 
using (12 |. Next property follows from (111. 

Lemma 2.2. LetM be a Banach space andm a function of Laplace transform type. The following 
assertions are equivalent. 

(i) T^ can be extended to L^(M.) as a bounded operator from Lg(R) into itself. 

(ii) can be extended to Lg(K, e~ x dx) as a bounded operator from Lj|(R, e~ x dx) into 
itself. 

Let 7 e I. We define cf> 7 (t) = pn^L , t G (0,oo). If m 7 (A) = A e- xt ^(t)dt = A* 7 , 
A G (0, oo), we have that 

T^=H^ and = (o + 

In the following, we characterize UMD spaces by the imaginary powers H 11 and (o + ^ 

Proposition 2.2. Let B a Banach space. The following assertions are equivalent. 

(i) B is UMD. 

(ii) For some (equivalently, for every) 1 < p < oo and for every 7 G K, + |J can &e 

extended to L p l (M.,e~ x dx) as a bounded operator from L p l (M,,e~ x dx) into itself. 

(Hi) For some (equivalently, for every) 1 < p < 00 and for every 7 € R, iiP 7 can 6e extended 
to Lg(R) as a bounded operator from Lj$(R) info itself. 
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Proof. According to [T^j, B is a UMD space if and only if the imaginary power L* 7 can be 
extended to Ljg(E) as a bounded operator from -Lg(K) into itself for some (equivalently, for any) 
1 < p < oo and for every 7 G E, where L = — \d 2 jdx 2 . 

(i) (m). According to Lemma 2.1 in order to prove this it is sufficient to show that if 

7 G E and 1 < p < 00 the following assertions are equivalent: 

(i 1 ) L %1 can be extended to £g(E) as a bounded operator from £»(E) into itself. 

(«') can be extended to -Lj(R, e~ x dx) as a bounded operator from L^(R, e~ x dx) into 
itself, where M 7 (A) = (A + 1/2)^"^, A G (0, 00). 

Let 1 < p < 00 and 7 G E. Assume that L %1 can be extended to £^(E) as a bounded operator 



from Ljj(R) into itself. We consider a smooth function $ on 



p. 288]). Here, for every s > 0, N s represents the set 



(x,y) G JVi; $(x,y) = 0, (x,y) £ N 2 - and ^$(a?,y) 



< 



such that $(x, y) = 1, if 
, i.i/eM; x^y (see 



{0,y) 



G 



\x-y\< 



l + \x\ + \y\) 

We define the operator 

LZ(g)(x) = L*Wx,y)g(y))(x), g G L* (E, e^'dx) 

The operator L n satisfies the conditions (a), (b) and (c), p. 288] 
bounded operator from £g(E, e~ x dx) into itself (see Proposition 3.4]). 
Also, we consider the operator 

7f/ 7 , loc (s)(z) = T°^[x,y)g{y)){x), g G L P (R, e^ 2 dx) ® B. 

We are going to see that the operator loc — L|J C is bounded from Lg(E, e _2; dx) into itself. 



Then, L[J defines a 



For every / G L%(M., e x dx) we know that 

r^iocC/Xz) - - e 5gv (a( £ )/(^) 



+ / ^{x,y){K^(x,y)e y2 - K^(x,y))f(y)dy' S j, a.e. a 



'|x-j/|>e 

for certain A G L°°(0, 00), where </? 7 (i) = e~*/ 2 </> 7 (t), i > 0, 



K<f>~,(x,y)= 07 (*)(- Q^)W t (x,y)dt, x,yeR,x^y, 



dt 

and Wt(x, y) = e~ 1 2*"' /y/2wt is the kernel of the heat semigroup associated to L. By making 
some manipulations we obtain 



e-y 2 ° t W t °(x,y) = 



1 e -^t (e -t )2 
1-e-at 

^(l_ e -at)3/a 

2 e~ t (e^ t x — y)(x — e^ l y) _<£ 



(1 



f )5/2 



and 



S 



Note firstly that 



1 



1/M 2 



e (e x — y)(x— e t y) 



(1 - e ~ 2t ) 5 / 2 



(a; - yf 



e~ 2t dt 



x,y £ E and < > 0, 



y G E and f > 0. 



1/M 2 

OO 



e *(e ( x-y)(x-e 4 y) 



< Ce- 



il - e"2t)5/2 

1/N2 (l- e - 2 *)3/ 2 rfi 



( e - t x-») 2 + (e-%-a ; ) 2 

2(l- e -2t) dt 



l/\x\- 



1 

^372 



< C\x\e 2- 



x,y € 
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Fix M > 0. If |x| > 1 and |x - y\ < M/\x\, then |x| ~ \y\ and 

\y 2 -x 2 \ = \y-x\\y + x\<^(\x\ + \y\)<C. 
Also, if \x\ < 1 and \x — y\ < M, then \y\ < M + 1. Hence, we deduce that 



(16) 



min{l,l/|a;| 2 } 



e t (e *x — y)(x — e *y) 



( 1 _ e -2t)5/2 



dt < C max{l, |x|}, 



provided that x, y £ R and \x — y\ < M min{l, l/|x|}. 
We can write, for every x, y € M, 



(17) 

and 
(18) 



-2/ 



uun{l,l/\x\ 2 } (! - e 2t ) 3/2 



e i-- 2t < C 



min{l,l/|a;| 2 } 



t 3/2 



dt < C max{l, \x\}, 



dt<C 



#rain{l,l/|a:| 2 } 

On the other hand, we have that 



raill{l,l/|x| 2 } 



£3/2 



dt < Cmax{l, \x\}, x,ye 



e l-e _2t — g 2t 



2£ 



< Ce 2t 



(a; - y) 2 (e *x - y) 5 



2f 



< Ce I (x - y) 



1 - e- 2t 
1 1 



2t 1 - e 



-2/ 



(x-y) 2 - (e *x-y) 2 | 



1 - e 



-2t 



< Ce-^T- (x-y) 2 + 



(1 - e-*)|a;||x - y\ + (1 - e-*) 2 x 2 



1 - e 



-2/ 



(19) 



< Ce ~ ((x - y) 2 + |x||x - y\ + i|x| 2 ), x,yeM, t > Q. 



By using (19 1 and [14, (B), p. 15] we get 



g— */2g — 2t (i-',-j) 2 
(1 _g-2t)3/2 e 1_ " ^ " (2^)3/2 
e -t/2 e -2t ! 

< 



1 (x-y) 2 
g 2t 



(1 - e -2t)3/2 (2i) 3 / 2 



(2i) 3 / 2 



(x-y) 2 

g l-e- 2 * _ g 2t 



< Ce 



_ c fc^ / J_ (x-y) 2 + |x||x-y|+£|x| 2 \ 

1^1/2 + t 3/2 y ' 



x,y) €N 2l t> 0. 



Hence, by using |25[ Lemma 1.1], it follows that 



min{l,l/|a;| 2 } 



g — */ 2 g — 2 * (e~'»-») 2 
g l-e" 2 * 



(20) 



(1 - g"2t)3/2 

min{l,l/|a| 2 } 

<C 



(2t) 3 / : 



-e 2t 



df 



_y)^ / _L |x||x-y| |x| 2 \ 

^1/2 f t 3/2 ■+■ t l/2 y 



< Cmax{l, |x|}, x,y<E 



Also we have that 

(x — y) 2 e~'/ 2 e~*(e~*x — y)(x — e _t y) 



(2£) 5 / 2 (1 - e -2t)5/2 

|e~*x — y| |x — e~*y| |x||x — e~*y| 

*3/ 2 + i3/2 



< c 
(21) 



|e *x-y| 



£3/2 



1 1 

(2i) 5 / 2 ~ (l- e -2t)5/2 



C 



<^(|e *x-y||x-e *y| + |x||x-e *y| + |y||e *x - y| + (x - y) 2 ) , x, y G M and < t < 1. 
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The estimations fll9[ ), pi) and [H| (B), p. 15] lead to 

e -t/ 2 e -*( e -*a; _ y)( x — e~ l y) _ (x — y) 2 ^-y> 2 

(! _ e -2i)5/2 ' ! " (2^)5/2 e 



< C 



"*/ 2 e *(e *x — y)(x — e l y) (x — y) 2 



(x - y) 2 



(2t) 5 /2 



(1 - e - 2t ) 5 / 2 



(2t)«/2 



< 



C 

p72 



|e *£c — y]|a; — e s y| + |a;||i - e *y| + |y||e *x — y|)e" 



1 2 „2_,2 



+{x-y) e 



2„-c 



(*-«) 2 (x — y) 2 (*-«) 



e 2 * ((a; - y) + - y| + ) 



< C 



l + \x\ 2 + \xy\ , + - y| e _ c (^ 



t i/a t 3/2 
Then, by using again [25 , Lemma 1.1] we obtain 



(x, y) <E A^2 and < t < 1. 



(22) 



min{l,l/|z| 2 } 



e */ 2 e *(e t x — y){x — e *y) _ < e tx r 2 " t )2 { x ~ y) 2 (*-y) 2 

(! _ e -2i)5/2 ' ! " (2t)5/2 6 

mi „ { ia/M 2 } / 1 + a; 2 + M t | a .| + | 1/ | ) | a ._ J/ | _ 2 



< C , 

£1/2 t 3/2 

< Cmax{l, |a;|}, (a;,y) € iV 2 and i > 0. 



dt 



By combining ([16]), ([17]), ([18]) , ([20]) and (|22j, since there exists M > such that 7V 2 C 
{(x, y) e R 2 : \x - y\ < Mmin{l, ^}}, 

\K^(x,y)e- y2 - K^(x,y)\<Cmax{l,\x\}xN 2 (x,y), x,yeR. 
It is not hard to see that 

sup max{l, / \n 2 ( x , y)dy < oo and sup / max{l, |x|}xat 2 (x, y)dx < oo. 

x£l JR y£RJR 

According to |11| Lemma 3.6], T|J loc — L\2 C is a bounded operator from Ljg(R, e~ x dx) into 
itself. Hence, Tj§ loc is bounded from I/g(]R, e _2: drr) into itself. 

On the other hand, by proceeding as in the proof of [TT1 Theorem 3.8] we have 

\\T^ oh (f)(x)\U < C [ s a p\WP(x,y)\0.-XN 1 (.x,y))\\f(y)\\ n dy, 
Jr t>o 

and from [S3] (see also [3U]) we deduce that glob is bounded from L^(BL, e~ x ' dx) into itself. 

We conclude that TjJJ can be extended to e~ x2 dx) as a bounded operator from Lg(M, 

e _a; dx) into itself, and (i') (ii') is proved. 

We are going to show that (ii') => (i'). Let 7 € E and 1 < p < 00. Assume that Tj^ 

can be extended to Lg(]R, e _;r dec) as a bounded operator from £g(R, e~ x dx) into itself. The 
arguments developed above imply that the operator LJJ is bounded from L^(R,e~ x dx) into 
itself. According to [TT1 Lemma 3.6] and [HI Propositions 2.3 and 2.4], that also holds from 
Banach valued operators, L\2 C is bounded from £g(R) into itself. 

In order to see that L 11 is bounded from L^(M.) into itself we use the ideas presented in |14[ 
p. 21]. Let / e C£°(R) (8>B. For every R > we define f R (x) = f(Rx), x € R. Mote that, for 
every i?, e > 0, 



K^(^,y)f R (y)dy 
>\%-y\> E XH ' 

and, if a > there exists R a > such that 



= i? 



IttI>^ 



z, x € 



X z 
R~ R 



< 



1 



1+ X + z 



M < a, |z| < a and R > i? a . 
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Let a > 0. There exits R a e N such that, for every i? > R a , R 6 N, 

= A ( a wa(|) + / m> .^(s'») # (s'»)J , -(»)*) 

for a certain A £ L°°(0, oo). 

Moreover, by extending the Fourier transformation to C£°(R) ® B in a natural way, we can 
write, for every R > 0, 

^ 7 (/fl)(|) = (|y| 2i7 /^(l/)) v (|) = R(\Ry\ 2i yR(Ry)) v (x) = ri**L*i(f)(x), a.e. z e (0,a). 
Hence, we have that 

H^(/)(x)||^ = |° ||^(/ fl )(|)||S«te = /_JI^Jc(/h)(|)|Ib^ 



+ 00 /" + 00 /*+00 

27 



< A / l|i; o 7 c(/K)(^)llS^ < Ci? / ||/(i?y)||^2/ < C / \\f(y%dy. 

J — 00 J —00 J— 00 

By taking a->cowe conclude that L 17 can be extended to £j(M) as a bounded operator from 
Lj(M) into itself, and (i 1 ) is proved. 

(ii) <^=> (Hi). Assume that the operator W 1 can be extended to L^(M) as a bounded 
operator from L^(M.) into itself, for some 1 < p < 00. Then, since is a Calderon-Zygmund 
kernel (Proposition 2.1|, it follows that H n can be extended to L^(M.) as a bounded operator 
from Ljj(K) into itself, for every 1 < q < 00. Hence, the equivalence (m) <^=> (Hi) follows from 
Lemma 12.21 

□ 

3. Proof of the results in the Laguerre settings 
Let a > —1/2. We consider the Laguerre differential operator L a given by 

= ~l (4z?~ x2 - a ■ s 6(0, 00). 



2 \dx 2 

Fore every fe € N, we have that L a (p^ — \^<p%, where A£ = 2fc + a + 1 and 92? denotes the fc-th 
Laguerre function defined by 

= ( wr (fc + | 1) ^ V /2 «-' a/ V +1 / 2 Lg(x 2 ), x€ (0,oo), 



,r(fc + « + i) 

being the fc-th Laguerre polynomial of type a (see [27, p. 100] and [28, p. 7]). The system 
Wk}k£N is an orthonormal basis for L 2 (0,oo). The operator L a is defined by 0. Note that 
if / G C^°(0,oo), the space of the smooth functions with compact support in (0, 00), then 
Laf — L a f. 

The heat semigroup {W t La } t >o generated by — L a is defined in L 2 (0, 00) by By using the 
Mehler formula ( |28[ p. 8]), for every t > and 1 < p < 00, the operator W t La can be extended 
to L p (0, 00) as a bounded operator from L p (0, 00) into itself defining, for each / e L p (0, 00), 

/• 00 

W t Lc "(f)(x)= W t L «(x,y)f(y)dy, xg(0,oc), 
Jo 

where 



Wt (*, y) = I r^U ( \ ( 



Here I a denotes the modified Bessel function of the first kind and order a. 

As it was mentioned in the introduction, in order to prove Theorems |1.1| and |1.2| for the 
Laguerre operators we exploit some connections between Hermite and Laguerre settings. This 
link is shown in the property (d) of the following proposition. Next, we establish estimates for 
the kernels K¥ and K^ a that are crucial in the proof of the results. 
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Proposition 3.1. Let <p 6 L°°(0,oo). Then, there exists C > such that 

(a) \K$(x t y)\ < C U ±^ y T ' < V < § or < 2x < V- 

(b) \K»(x,y)\<C W l^\ xy<0. 

(e) \K$*(x,y)\ < C||^|U°o(o,oo) g^feSgS^ , < y < § or < 2x < y. 
(d) \K$- (x, y) - K»(x, y)\ < (l + , < f < y < 2x. 



Proof, (a) We have only to take into account ( 14 1 and observe that \x — y\ ~ y, when y > 2x > 0, 
and that |x — y| ~ X, provided that < y < f . 

(b) It is a direct consequence of (14). 

(c) Since K^(x,y) = K^(y, x), x, y € (0, oo), it is sufficient to establish (c) when < y < f . 
Assume < y < |, and denote by L(x,y) and R(x,y) the following sets: 



L(x,y) = U>0 



e xy 



1 - e 



-2t 



<n, ij(x, y ) = a>o 



e *xy 



1 - e 



-2t 



> 1 



These regions play an important role when estimating the modified Bessel function I a 
By using |5J (3.4) and (3.5)] the asymptotics for I a allow us to write 



\K^(x,y)\ < ||0|U» (o ,oo) 



(23) 



< C (xyr+V* 



+ 

L(x,y) JR(x,y) 

e -fr e -(«+l)* 

(1 - e -2t)a+2 



0f 



Wr°(a;,y) 



e 2 e 



2(l- e -2t) 



-dt 



To estimate the first integral we observe that t ~ 1 — e~ 2t , as f — > 0; that, for certain c > 0, 
1 — e~ 2t > c, when i > 1; and that, as it was mentioned before, for every a > and b > 0, there 
exists c > for which u b e~ au < c, u > 0. Thus, by using again [231 Lemma 1.1], 



(24) 



00 e-fe e -(«+ 1 )* 

(1 - e-2*)a+2 



d< < C 



1 _af. 
e st 

t«+ 2 



1 



„2a+2 



C 



„2a+2 ' 



On the other hand, by making the change of variables t = log(Lt^) in the second integral of 
( 23 1 and taking into account that a + | > we get 



e 2 e 



2(l-e-2*) 



dt < C 



R(x,y) 



(1 - e- 2 *) 5 / 2 

< C(a;y) a+1/2 



e -^(l_ s) i/2 



i>i 



„5/2 



1 - (*-«)- / s , 



-1/2 



Q+l/2 



„Q+3 



\x - y| 



2q+4 



q+7/2 • 



Here we have again made use of [25, Lemma 1.1] and that \x — y\ ~ x, when < y < |. 
(d) Let < f < y < 2x, and L(x,y) and R{x,y) as before. By [6, (3.4), (3. 6) and (3.13)] we 
can write 



\K^(x,y)-Kf( X) y)\ <\\<j>\\ L ~ { o^ } 



L(x,y) 



W t L "{x,y) 



+ 



IR{x,y) 
<C|MU-(0,oo) 



^W t L "(x,y)--^W t H (x,y) 



0_ 
dt 

dt 



W t H (x,y) 



dt 



(xy) c 



-1/2 



e s* e 



-(a+l)t 



-dt 



(l-e- 2t )«+ 2 J (l- e -2t)3/2 



e st e 



-t/2 



t/2 



e at e 



a, )V ) xyVl - e * 
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The two first integrals can be estimated by proceeding as in (c) (see ( 24 1 ) . Observe that the 
second one is exactly the first one for a — —1/2. On the other hand, 



-.dt < 



R[x , y) xyVl - e- 2t " (^) 1/4 JR( x ,y) (1 - e- 24 ) 5 / 4 



e 2* e 



-t/4 



dt 



< 



< 



C 



1 

e 2* 



/I Wo t 5 / 4 

C C / s 



V'^k-Z/I x\\x-y\ 



e -t/A t l/i 



V\ x ~y\ 

x^y. 



dt 



Thus (d) is established. 



□ 



3.1. Proof of Theorem 1.1 for Laguerre operators. Let f,g £ C£°(0, oo). The spectral 
multiplier T ? ^° is a bounded operator on L 2 (0,oo). Then, we can write 

(T^(/), ff ) i2(0>oo) =^m(Ag)cg(/)<^, 5 ) i2(0)Oo) =5>£c£(/)^) / e-^V(t)^, 

fc=0 fe=Q ^° 

/•OO 

where c£(/i) = / ip^(x)h(x)dx, h G L 2 (0,oo) and k G N. Since 



/•OO 00 ^ /"GO 

- 70 fc=0 fe=0 - 70 



<||^IU°°(0,oo) 11/11 L 2 (0,oc )NI L 2 (0,oo) i 



we obtain 



(T^(/), ff } i2(0 ,oo) = / mY. x * e ~ Ktc ^y^9) dt 

Ja k=0 



dt 



E« 



k=0 
00 „-Kt„a/ 



To justify the last equality let us denote by = J2T=o e c k (f) c k (s)> t > 0. Observe that, 
for every t > 0, 



< £ |<£(/)||cg(s)| < ||/IU 2 (o,oo)I|3||l 2 (o„ 



< OO. 



fe=0 



Let t > 0. For every |/i| < | we get that 



$(t + h)- $(t) 



+ ^A?e^ i ^(/)c«( ff ) 



fe=0 



< 



E 

fc=0 



e -<H" - 1 



+ A£ e-^|^(/)||^( ff )| 



< |/ l |E(A?) 2 e-^ ( *- | ' i| )|^(/)||^( 9 )| 

fc=0 

" E \^)\\ct{9)\ < (^§11/11^(0,00)11511^(0,00), 



c 



(t-\h\r 



k=0 



which leads to 



Ea^-^^/kg?) = ( - 1) E e ~ A * tc fc(/) c £G?) 



fc=0 



fe=0 



Thus we obtain that 



(T^(/),5)l 2 (o,oo) = f° V(t)(-^)(Wi £ " (/), 5)L=(0,oo)dt- 
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From now on, if F is a function defined on (0, oo), we denote by F the function on K given 
by F(x) = F(x), x > 0, and F(x) = 0, x < 0. Then, we write 



+ J ^t)(-^)(W t H + (f),g) LHQi00) dt, 
where W t H + (f) = W t H (f). Note that (W t H + (f), g) L , (0tOo) = (W t H (f), g} L * (K) . Then 
(Tt(f), . 9)^(0,00) = j%(t)(-^)(W t L -(f) ~W t H + (f), g)^^ 

+ I™ m(-^)(w t H (f),~g) L i m dt. 



By ( 12 ) we can find A G L°°(0, oo) such that 



(25) 



&(/),fl)^( ,oo) = / Ht)( - ^)(W t L -(f) -W t H + (f),g) LH0 ^ } dt 



lim 

e-)-0+ 



(A(e)/(a 



|sc — 1/| >s 



f(y)Kf(x,y)dy),g 



Moreover, is there exists the limit lim t _ ) . + 0(t) = <fi(0 + ), then lim e _ > .g+ A(e) = <fi(0 + ). 

Since / G C^°(0, oo), by using partial integration and by taking into account well known 
properties of Hermite and Laguerre functions f|28|). we can show that, for every k G N there 
exists Gk > such that 



IC(/)I < 



and |c m (/)| < 



C k 



(m + l) fe 1 myJn ~ (m+l) k 

where c m (f) = I h m (x)f(x)dx, m G N. We deduce that 



: , m G N, 



\<f>(t)\ 



dt 

< C||3||l 2 (o,oo 



d (yr t La (f)(*)-w t H (f)(x))g{x) 



dxdt 



d ,„ rL 



at 



(W/- (/)(*)) 



1/2 



dec 



(W t H (f)(x)) 



1/2" 



dx 



< C 



E 



1/2 



1/2- 



iV1 w™ a + E ^ 2Amt (^) 2 k m (/)i 5 

/ \m=0 



\m=0 / 

< C* / (e~ A o* +e- Aot )dt < oo. 
Jo 

Hence, by interchanging the order of integration we get 

t(t)-(W t L «(f) - W t ,+(f),g) LH0}Oo) dt 



dt 



d 

<t>(t)i(W t L «(f)(x) - W t ,+{f)(x))dt,g(x) 



d_ 

'at' 

Moreover, according to Proposition |3.1| it follows that 



L 2 (0,oo) 



® t (W t L °(x,y)-W t H (x,y)) 



\f(y)\dy 



< C 



2.T 



y - x\ 



\f(y)\dy 



i f 2 



l/(y)l 
2x y 



dy < C, x G (0,oo), 



because / G C£°(0, oo). 
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On the other hand, since (/) G L 2 (0, oo) and T^f (/) G L 2 (K), from (|25) we deduce that 

d 



+ lim A(e)f(x) + 



0,\x-y\>E 



Kg(x,y)f(y)dy 



(26) 



: lim A(e)f(x) 



) 



0,\x-y\>e 



K^"(x,y)f(y)dy ) , a.e. x G (0,oo). 



Thus ^ and ^ are established for the Laguerre operator L a and / G C£°(0, oo). 
Let us now consider the maximal operator T^ La defined by 



(f)(x) = sup 

e>0 



A(e)f(x) 



K^(x,y)f(y)dy 



, x G (0, oo). 



'0,\x-y\>e 

Our objective now is to establish that T^' L ° is a bounded operator from L p (0, oo) into itself, 
when 1 < p < oo and from L 1 (0,oo) into L 1,oo (0,oo). Since A is a bounded function it is 
sufficient to establish the result for 



T r :^(f)(x) = su P 

e>0 



Kl a {x,y)f{y)dy 



0,\x-y\>e 



, X G (0, oo). 



By taking into account Proposition 3.1 we can write 



7Z' L "(f)(x)< 



(0,oo)\(f,2x) 
2x 

sup 

£>0 



K^(x,y)\\f(y)\dy+ / \K}<* (x, y) - (x, y)\\f(y)\dy 



K%{x,y)f{y)dy 



^,\x-y\>e 

<C (H« +1/2 (\f\)(x) + H^(\f\)(x) + N(f)(x) + T^f oc {f){x 



x € (0, oo), 



where, for rj > — 1, 
(27) 

(28) 



y v f{y)dy, x 6(0,00), 
-^dy, x G (0, 00), 



(29) 
and 



iV(/)(z) 



2k 

1 y 



|/(y)|dv, 16(0,00) 



'C:fL(/)( a = su p 



£>0 



\x - y\ 
Kg(x,y)f(y)dy 



x G (0, 00) 



,\x-y\>e 

By using Jensen's inequality it can be seen that N is a bounded operator from L p (0,oo) 
into itself, for every 1 < p < 00. Moreover, (9] Lemmas 3.1 and 3.2] show that the Hardy type 
operators Hq +1 ^ 2 and H^ 1 ^ 2 are bounded from L p (0, 00) into itself, when 1 < p < 00, and from 
L 1 ( 0, 00) into L 1,oo (0, 00). Moreover, since is a Calderon-Zygmund operator (see Proposition 



2.1 1 the maximal operator Tj^' H defined by 
Vk H {9){x) = sup 



e>0 



\x-y\>e 



K"(x,y)g(y)dy 



x G 



is bounded from L P (U.) into itself, for every 1 < p < 00, and from L 1 (M) into i 1,oc (K). Then, 
according to Proposition |3.1| (a) and (b), and using again [9, Lemmas 3.1 and 3.2], we infer 
that the operator 7^'^ c is bounded from L p (0, 00) into itself, for every 1 < p < 00, and from 
^(0,00) into L 1 ' oo (0,'oo). 

Thus we show the desired L p -boundedness properties of the maximal operator T^ La . 
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By (26 1 and since C£°(0, oo) is a dense subspace of L p (0, oo), 1 < p < oo, standard arguments 
allow us to conclude that there exists the limit 



T%>(f)(x) = lim ( A(e)/(a:) + T K$(x,y)f(y)dy) , 

<^ + \ J0.\x-V\>6 I 



a.e. x £ (0, oo), 



/0,|x-J/|>£ / 

for / 6 L p (0, oo), 1 < p < oo. Moreover, the operator T^ a is bounded from L p (0, oo) into itself, 
for every 1 < p < oo, and from L 1 (0, oo) into L l oo (0, oo). 

Then, and are i 2 -bounded operators which coincides on C£°(0, oo). Since this space 
is dense in L 2 (0,oo), T£>(/) = T&>(/), / G L 2 (0,oo). 

Thus the proof is complete. 



3.2. Proof of Theorem 1.2 for Laguerre operators. Let a > —1/2. The imaginary power 
UQ , 7 6 E, is the Laplace transform type multiplier for L a associated to the function m 7 (A) = 
A J °° e- xt ^(t)dt, A > 0, where </> 7 (i) = (L(l - ij))- 1 ^, t > 0. 

Let B be a Banach space and 76I. We define L% = T%°> on C£°(0, 00) ® B in the natural 
way. Also the imaginary power H n — of the Hermite operator H is defined on (K) (g> B. 

We split the operator as follows: 

(30) t% (/) = r^; glob (/) + d« 7 (/) + r£ 7 (/) - r^ !glob (/), 

where / € C£°(0, 00) <g> B and / g C£°(R) <g> B is the extension of / as given in Section 3 but 
with the natural Banach-valued sense, that is, if / = 53ILi hfit &i G B and /j € C£°(0, 00), 
i = 1, ...,n, then / = X)"=i ^i/ii where /j(a;) = fi{x), x > 0, and /i(x) = 0, x < 0. The operators 
r ™; g iob- and glob are defined on C c °° (0, 00) ® B in the following way: 

T m",glob(f)( X ) = T m"(f X(o,§)u(2 X ,oc))(x), x e (0,oo), 
D^(f)(x) = [*[K$(x,y) - K%(x,v)]f(y)d y , x E (0,oo), 

and 

T m 7 ,glob(/)(X) = ^(/x^Ducax.oo))^), & G (0,oo). 
These three operators can be extended to Lg(0, 00), 1 < p < 00, as bounded operators from 
Lg(0, 00) into itself. Indeed, by using Proposition 3.1 we can write, for every / £ C^°(0, 00) £g)B, 

H^; g iob(/)(*)llB < C(H« +1/2 (\\f\\ K )(x) + HZ +1/2 (\\f\W)(x)), x G (O.oo), 

||^(/)(a:)l|B<CJV(||/||B)(a:), 3:6(0,00), 

and 

ll^ 7 , g iob(/)WllB < C(^ °(||/|| B )(^) + H oo (\\f\\ B )(x)), xe (0,00), 



where Hq, H^, r\ = a + 1/2 or 77 = 0, and N are the operators given in (27 1, (28 1 and (29 1, 
respectively. 

Then, by using Jensen's inequality and Lemmas 3.1 and 3.2] we obtain that the above 
operators c an b e extended boundedly to L^(Q, 00), for every 1 < p < 00. 

for the Hermite operators and pOl) allow us to show that if B is UMD then, T^ a 



Theorem 



1.2 



can be extended to L^(0, 00), 1 < p < 00, as a bounded operator from L£(0, 00) into itself. 

Assume now that, for some 1 < p < 00, the operator is extended boundedly to Lg(0, 00). 
Then, according to (30 1, there exists C > such that 

(/)HlJ(0,oc) < C||/l|Lj(0,oo), /ei 2 (0,oo)®B. 

Consider now / E L 2 (R) <E)M and decompose / as / = /1 + /2, where /1 = fx(o,oo)- Thus, we 
have that 

2 

\\ T rn-,Xf)\\LP(R) < ^ ( 1 1 X(0,oo) ^ (/i) 1 1 L p (R) + 1 1 X(-oo,0] T.m y (fi ) I |ij ( 
i=l 

It is clear that 

(31) IIX(0,oo)?^ 7 (/i)|| L P( R ) = ||Tm 7 (/|(0,oo))||.Lj;(0,(x>) < C||/|(0,oo)|Uf(0,oo) < C||/lliJ( 
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Also, we have that 

poo 

T^{h)(-x) = / K${-x,y)f{y)dy, a.e. x G (0,oo). 
Jo 

Then, Proposition |3.1| b) leads to 
||2^(/i)MHb<C r^*dj/<CK(||/|| B )(.x) + J ff^(||/|| B )( a; )), a.e. xG(0,oc), 

Jo y + x 

which allows us to obtain, by using [9| Lemmas 3.1 and 3.2], that 

(32) ||X(-oo,0] T1 m T (A)llLg(R) = ll r m T (/l)( _ OIU^((0,oo),dx) < C||/IUg(0,oo) < C|| /II LJ(R) ■ 

On the other hand, since (— x, — y) = (x, y), x.y E Wi, x ^ y, from Theorem 1.1 for the 
Hermite operator we deduce that 

T^(f 2 )(-x) = lim (A( e )/(-aO + T Kl(x >y )f(-y)dy] = T*{g){x), a.e. z G (0,c 
for a certain A G L°°(0,oo), where g(y) = /(—J/), y G (0, oo). Thus, 

( 33 ) IIX(-oo,0] r ™ 7 (/2)||Lj(R) = l|T„ T (/ 2 )(--)ll,Lg(0,oo) = ||T^(5)|| L P (0iOO ) < C||/|| l p (R ). 

Finally, since <?(?/) = f(—y), y G (0,oo), we can see that 

poo 

T^(f 2 )(x)= Kf (x,-y)g(y)dy, a.e. x G (0, oo), 

and, again by Proposition |3 . 1 [ b ) , that 

\\T^ (h)(x)\\ B <C( J ff °(|| 3 || B )(x) + <(|| 5 || B )(x)), a.e. se (0,oo). 
We obtain that 

IIX^.oo^m-yl/^lkfCR) = ll r m 7 (/2)|U|(0,oo) 

< C(||flJ(|| fl || H )|| £ P ( o,oo) + II^(II.9|I»)IIlp(0,oo)) 

(34) < C\\g\\ L , i0tOo) <C\\f\\ Lm . 
Estimations ( 31 1-( 34 ) lead to 

\\ T m-,(f)\\L?(R) < C||/IIl£(R)- 



The proof finishes by using Theorem |1.2| for the Hermite operator 
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